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Dynamic modeling
What is it all about?

Kinematics:

Dynamics (Kinetics):
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Dynamic modeling
What is it all about?

Kinematics: description of motion of bodies or system of bodies

Dynamics (Kinetics):
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Dynamic modeling
What is it all about?

Kinematics: description of motion of bodies or system of bodies

Dynamics (Kinetics): description of the causes resultlng ing
those motions (i.e. forces and torques) A V
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Dynamic modeling
What is it all about?

Dynamic model

A set of equations that gives us the relationship between input
joint forces/torques and resulting joint accelerations.
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joint forces/torques and resulting joint accelerations.
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Dynamic modeling

Lagrange-Euler formulation of mechanics

Between 1772 and 1788, Lagrange
formulated mechanics in a more general
way, more suitable for (bio-)mechanics later
on. .

Modelling in Biomechanics
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Lagrangian mechanics

A more sophisticated formulation of mechanics

Lagrange defined a basic quantity for any system of bodies as the
difference between its kinetic and potential energy.

L=K-P

We call this quantity the Lagrangian of the system.
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Lagrangian mechanics

A more sophisticated formulation of mechanics

Using this quantity, we can describe the evolution of any system
of bodies under the influence of a set of external forces/torques
using the following equation:

doL 0L
dt 0y 0Oy
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Lagrangian mechanics

A more sophisticated formulation of mechanics

Using this quantity, we can describe the evolution of any system
of bodies under the influence of a set of external forces/torques
using the following equation:

Where y are some “generalized coordinates”
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Lagrangian mechanics

A more sophisticated formulation of mechanics

Using this quantity, we can describe the evolution of any system
of bodies under the influence of a set of external forces/torques
using the following equation:

Where y are some “generalized coordinates”
7 should be in the same coordinates.
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Definitions

Potential energy

Reference for potential

Potential is only important when considering the difference of
potential. Therefore, the reference is not important, as long as it
does not change over time, and we use the same one for all the

objects.
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Definitions

Potential energy

Reference for potential
Potential is only important when considering the difference of

potential. Therefore, the reference is not important, as long as it
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objects.
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Definitions

Kinetic energy

Kinetic energy

The energy of an object that it possesses due to its motion.
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Definitions

Kinetic energy

Kinetic energy

The energy of an object that it possesses due to its motion.

What properties are influencing the kinetic energy of an‘c
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Definitions

Kinetic energy
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Definitions

Kinetic energy

The equation of kinetic energy due to linear velocity is

1 i “;‘2 1)
_ 2 IR A
Klinear - 577’“1, N e \

I

Where m is the mass of the object and w is the magnitude of its}::
velocity (i.e. regardless of direction).
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Definitions

Kinetic energy

The equation of kinetic energy due to angular velocity},‘\.
1

L8
K = *_[(,U2 * :
angular 9 & e

Where [ is the moment of inertia of the object, and w is its
angular velocity.
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Definitions

Kinetic energy

Total kinetic energy

The total kinetic energy of an object is the sum of its linear and
angular kinetic energy.

1
Ktotal = Klinear + Kangular = §(mu2 + IWZ%‘
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Definitions

Moment of inertia

The moment of inertia shows us how 'difficult’ is it to rotate an
object around an arbitrary axis. It is related with how the mass of
the object is distributed in space.

Ixz ]zy Iwz
I= I Iy Iy
sz ]zy Izz

This "difficulty’ might be different for the same object, but :
different axes. X
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Definitions

Kinetic energy

Let's have a look at the angular kinetic energy again. We saw
that:

1
Kangular = 5[(&)2
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Definitions

Kinetic energy

Let's have a look at the angular kinetic energy again. We saw
that:

_ 2
Kangular - §[W

Sag

But if 7, is a tensor and w a scalar, then the kinetic eﬁﬁ*gy
be a tensor as well. \
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Definitions
Kinetic energy

But Kinetic energy is a scalar, and the angular velocity is a
vector.
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Definitions
Kinetic energy

But Kinetic energy is a scalar, and the angular velocity is a
vector.

A

axb

" b
n

(C]

bxa G
=-axb

Y
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Definitions
Kinetic energy

But Kinetic energy is a scalar, and the angular velocity is a
vector. Therefore, we can calculate the angular kinetic energy
using the vectorial equation:

A

axb
n
a
bxa
=-axb
17/
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Definitions
Kinetic energy

But Kinetic energy is a scalar, and the angular velocity is a
vector. Therefore, we can calculate the angular kinetic energy
using the vectorial equation:

A

axb

R b
n

[a) Kangular ==

bxa a

=-axb
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Definitions
Bringing it all together

We define the Lagrangian as the difference between Kinetic and
Potential energy of our system

L=K-—-P
where:
Potential Energy Kinetic Energy Moment of inettia
1 I'=3%g0\
P =mgh K= i(muz—i-wTIw) ~
18
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Lagrangian of a mechanism

How do we calculate it?

Let's take an 'easy’ example of a 2-link planar mechanism.

l>

\qz Let's assume that segments have
L masses m; and my respectively.

7777777777
777777777
777777777
727777777,
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Lagrangian of a mechanism

How do we calculate it?

Let's take an 'easy’ example of a 2-link planar mechanism.

l>

\Cp Let's assume that segments have

masses m; and my respectively.
~ >

7777777777

We need to calculate its Lagrangian
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Lagrangian of a mechanism

How do we calculate it?

Let's take an 'easy’ example of a 2-link planar mechanism.

l>

\Cp Let's assume that segments have

masses m; and my respectively.
~ >

7777777777

We need to calculate its Lagrangian
in terms of some 'generalized’ coordinates.
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Lagrangian of a mechanism

How do we calculate it?

Which 'generalized’" coordinates are most convenient?

7777777777
777777777
777777777
727777777,
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Lagrangian of a mechanism

How do we calculate it?

Which 'generalized’" coordinates are most convenient?

X, Y?
g, r?
ql, q27

7777777777
777777777
777777777
727777777,
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Lagrangian of a mechanism

How do we calculate it?

Which 'generalized’" coordinates are most convenient?

X, Y7

7777777777
777777777
777777777
727777777,
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Lagrangian of a mechanism

Potential energy

We need to calculate the total dynamic energy of the system
with respect to ¢, ¢.

The total dynamic energy is the
sum of the dynamic energies of
each segment. Whatf' 1 the
dynamic energy of eagh =t
segment?
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Lagrangian of a mechanism

Potential energy

We consider the mass of the link

I _ to be concentrated at its center
1
of mass.
22/
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Lagrangian of a mechanism

Potential energy

We consider the mass of the link
I, A to be concentrated at its center
of mass. Therefore:
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Lagrangian of a mechanism

Potential energy

For the second segment, we

YZ think alike:

2

777777777,
727777777
7777777770
720222277
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Lagrangian of a mechanism

Potential energy

For the second segment, we
think alike:

P2<Q7 q) =
. ly .
mog | l1sing; + Esm(ql ‘+ q2)
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Lagrangian of a mechanism

Potential energy

For the second segment, we
think alike:

P2<Q7 q) =
. ly .
mag | l1sing, + Esm(fh ‘+ )

o
&

The total potential energy is therefore:

] I . . ly .
P(q,q) = mlgésmql + mag (llé‘m@h + 523271(@1 + Q2>>
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Lagrangian of a mechanism

Potential energy

For the second segment, we
think alike:

P2<Q7 q) =
. ly .
mog | l1sing; + §3m(91 + q2)

The total potential energy is therefore:

. Iy . . ly .
P(q,q) = mlgésmql + mag (llé‘m@h + gsm(ql + Q2>>
Does P depend on ¢?
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Lagrangian of a mechanism

Kinetic energy

Once again, we take the kinetic energy of each segment with
respect to ¢, ¢ and add them together.

Ktotal(Q7 Q) = Kl (q7 Q) + KQ(qv q)

24/38‘
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Lagrangian of a mechanism

Kinetic energy

Once again, we take the kinetic energy of each segment with
respect to ¢, ¢ and add them together.

Ktotal(Q7 Q) = Kl (q7 Q) + KQ(qv q)

Let's start with the linear kinetic energy first.
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Lagrangian of a mechanism

Kinetic energy

Once again, we take the kinetic energy of each segment with
respect to ¢, ¢ and add them together.

Ktotal(Q7 Q) = Kl (q7 Q) + KQ(qv q)

Let's start with the linear kinetic energy first.
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Lagrangian of a mechanism

Kinetic energy

Once again, we take the kinetic energy of each segment with
respect to ¢, ¢ and add them together.

Ktotal(Qv ) Kl(q Q) +K2(q7 )

Let's start with the linear kinetic energy first.

f\

Kiin(q, ¢) = zmu? i’“l—' fimu
2 4
[ 3 \}..,
Do we know what is u in! ter‘
of q,q?

N —
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Lagrangian of a mechanism

Going back in time

How do we convert the joint velocity (¢) into linear velocity (u)?
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https://www.youtube.com/watch?v=ITaAw4xS_Oc&list=PLhgMOMe0tLWgZWGNDWdt7Qhmu15NFM22Q&index=10
https://www.youtube.com/watch?v=lTo_A5pioZY&list=PLhgMOMe0tLWgZWGNDWdt7Qhmu15NFM22Q&index=12

Lagrangian of a mechanism

Going back in time

How do we convert the joint velocity (¢) into linear velocity (u)?

The jacobian!
What is the Jacobian?
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Lagrangian of a mechanism

Going back in time

How do we convert the joint velocity (¢) into linear velocity (u)?

The jacobian!
u = Jyuq
What is the Jacobian?
Part 1, Part 2
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Lagrangian of a mechanism

Kinetic energy

Once again, we take the kinetic energy of each segment and add
them together.

Ktotal(Q7 ) Kl(q Q) +K2(q7 )

Let's start with the linear kinetic energy first.

]
Kiin(q,4) = §mu
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Lagrangian of a mechanism

Kinetic energy

Once again, we take the kinetic energy of each segment and add
them together.

Ktotal(Q7 ) Kl(q Q) +K2(q7 )

Let's start with the linear kinetic energy first.

. 1 Y
Klzn(q7Q) §mu’ Z u Juz

=1 ‘E

Remember (AB)T = BT AT
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Lagrangian of a mechanism

Kinetic energy

. and then the angular kinetic energy:

. 1
Kang(q7 Q> = §WTIW

770777777,

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Modelling in Biomechanics



Lagrangian of a mechanism

Kinetic energy

. and then the angular kinetic energy:

. 1
Kang(Qa Q> = §WTIW

I; is expressed on the coordinate frame
of link ¢

770777777,
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Lagrangian of a mechanism

Kinetic energy

. and then the angular kinetic energy:

. 1
Kang(Qa Q> = §WTIW

I; is expressed on the coordinate frame
of link ¢

But must be 'transformed’ insthe fixed
coordinate frame
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Lagrangian of a mechanism

Kinetic energy

. and then the angular kinetic energy:

. 1
Kang(Qa Q> = §WTIW

I; is expressed on the coordinate frame
of link ¢

But must be 'transformed’ insthe fixed
coordinate frame :
I? = R,I'RT
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Lagrangian of a mechanism

Kinetic energy

. and then the angular kinetic energy:

. 1
Kang(Qa Q> = §WTIW

I; is expressed on the coordinate frame
of link ¢

But must be 'transformed’ in-the fixed
coordinate frame ”
I? = R,I'RT

Therefore
- T T T T N
Kang q,4 (] Z J zRZ[z Rz JWi]}q:; ’
i=1 N
27 /
Tassos Natsakis tassos.natsakis@aut.utcluj.ro Modelling in Biomechanics 38‘



Lagrangian of a mechanism

Kinetic energy

Therefore, the total Kinetic energy of the mechanism is:

[\] \ NN
NNNN
NN

=1
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Lagrangian of a mechanism

Kinetic energy

Therefore, the total Kinetic energy of the mechanism is:

K(Q;Q):i

Does K depend on ¢?
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Lagrangian of a mechanism

Kinetic energy

Therefore, the total Kinetic energy of the mechanism is:

1,
K(g.9) = 54 0TS [Tomidui + JERLE L] d
i=1
Does K depend on ¢? Does it depend on ¢?
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Lagrangian of a mechanism

Let’s plug it in the Lagrangian equation of motion

Eventually, we can write the kinetic energy in a condensed format:

K(g.d) = 34" Dlg)d

And the potential energy:

Pla) = Y- ghdaym

Therefore, the total Lagrangian is:

) 1. )
L(g,¢) =K - P = §qTD(q)q —g> hi
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Lagrangian of a mechanism
Let's plug it all together

If we expand the first term, we get:

1
L=K—-P= §qTD q—gZh

1 . "
= 52 dij(@)dids — 9 3 ha(g)m
1, i=1
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Lagrangian of a mechanism

Let's plug it all together

The equation of motion is:
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Lagrangian of a mechanism

Let's plug it all together

The equation of motion is:

4oL oL _
dt ¢ 0q
d 0L 0L
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Lagrangian of a mechanism

Let's plug it all together

The equation of motion is:

4oL oL _
dt ¢ 0q
d 0L 0L
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Lagrangian of a mechanism
Let's plug it all together
The equation of motion is:

doL OL _
dt ¢ 0q
doL 0L _
dtdg, Odg. "
oL
37(]';{ = ;dquj
d dL d O T
= duids —diid. = duidis L G.go N
dt@qk ; qu]—'_;dt ki4;j ; quj—}_% an q:q;

31/38‘
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Lagrangian of a mechanism

Let's plug it all together

The second term is:

oL _
gy,

Therefore, everything together is:

Z drjq; + Z{
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Lagrangian of a mechanism

Condensed form

We can write this equation in a more general form:

D(q)qi+C(q,q)qi+g(q) =7

33/38‘
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Lagrangian of a mechanism

Condensed form

We can write this equation in a more general form:

D(q)qi+C(q,q)qi+g(q) =7

The matrix D, contains information about the inertia of the
system, therefore contains all the masses and moments of inertia.
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Lagrangian of a mechanism

Condensed form

We can write this equation in a more general form:

D(q)qi+C(q,q)qi+g(q) =7

The matrix D, contains information about the inertia of the
system, therefore contains all the masses and moments of inertia.

The matrix C' has elements related to the centrifugal
Coriolis terms

and
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Lagrangian of a mechanism

Condensed form

We can write this equation in a more general form:

D(q)q+C(q,4)q +g(q) =

The matrix D, contains information about the inertia of the
system, therefore contains all the masses and moments of inertia.

The matrix C' has elements related to the centrifugal afnd’
Coriolis terms

LS
Finally, the term g contains the dependence of the potentlal
energy from the position of the mechanism.

f*?

33 /
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Lagrangian of a mechanism
Christoffel symbols

The k, j-th element of matrix C(q, ¢) is defined as:

cj = Y Cijk(q)ds
=1

B Z“: L Odiy | O _ Oy,
- a %
=2 9Jg¢;  O0q;  Ogx
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Dynamic model

Torques

How do we calculate torques?
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Dynamic model

Torques

How do we calculate torques?

Sensory Mucinverse

Organs Geometry
Neural »| Musculotendon [ [Musculoskeletal| | Multi-Joint .
Command Dynamics Geometry Dynamics | | J-J‘_> Motion
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Dynamic model

Torques

How do we calculate torques?

Inverse

Sensory Muscul
( Organs Geometry
Neural »| Musculotendon [ |Musculoskeletal Multi-Joint
Command Dynamics Geometry Dynamics

> Motion

muscle

fiso(a(t) far (M) fuo (™) + fpr(M))cosa — fisofse(IT) =0
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Dynamic model

Forward dynamics

D(q)g+C(q,q)qi+g(q) =7
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Dynamic model

Forward dynamics

D(q)g+C(q,q)qi+g(q) =7

G =D(q)" [t —Clq,9)q — 9(q)]
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Dynamic model

Forward dynamics

D(q)g+C(q,q)qi+g(q) =7
G =D(q)" [t —Clq,9)q — 9(q)]

i =D(q) (e, 1,1) — C(q,4)d — 9(q)]
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Inverse dynamics

Again the inverse?

How do we calculate the inverse dynamics?
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Questions?
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