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What is inverse kinematics?

Solving

Examples

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems




Recap

What we saw last weeks?

DH Modified Parameters

We define each parameter for the length and angles from joint ¢ until the joint ¢ 4+ 1

e d;: Joint offset (length) from joint i to joint i+1
e @;: Joint angle from joint i to joint i+1

e r;: Link length from joint i to joint i+1

e «;: Link twist (angle) from joint i to joint i+1
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Recap

What we saw last weeks?
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Recap

What we saw last weeks?

We can calculate each column of the Jacobian matrix individually. Each column
represents one joint. If joint ¢ is revolute, then:

If joint ¢ is prismatic, then:
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Grand scheme
The big picture

Great robots

—| Control

Forward
TF Kinematics Velocity — Dynamics
Inverse
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Forward kinematics

Revising

Definition

A transformation matrix that calculates the pose of the robot's end effector in terms of
the joint coordinates qi1,qo,...,qn
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Forward kinematics

Revising

altaFals
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S| NNN

How many of these elements are independent?
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Forward kinematics

Revising

X Yy Zy| Py
0= % v 2|
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How many of these elements are independent? \
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8
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Forward kinematics

Revising
Xe Yo Zp | Py
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Forward kinematics

Better understanding

This is basically a function of ¢ = [¢1,q2, . ..

end-effector

,qn] that returns the pose of the
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Forward kinematics

Better understanding

This is basically a function of ¢ = [¢1, g2, . .., ¢s] that returns the pose of the
end-effector

fl@) = Py, Py, P;, R
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Forward kinematics

Better understanding

This is basically a function of ¢ = [¢1, g2, . .., ¢s] that returns the pose of the
end-effector

fl@) = Py, Py, P;, R

Where R is the orientation defined in terms of X, X, ...
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Forward kinematics

Better understanding

Since the orientation part has only three degrees of freedome, it can also be expressed
as three Euler angles:

CoCyp  CpSPSp — CpSy  SpSy T CoCapSo

Rz(¢Y)Ry(0)Rx(p) = |coSy  CoCyp + 595¢5¢  CpS05¢ — CySe
—Sg oS Cocop
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Forward kinematics

Better understanding

Since the orientation part has only three degrees of freedome, it can also be expressed
as three Euler angles:

CoCyp  CpSPSp — CpSy  SpSy T CoCapSo

Rz(¢Y)Ry(0)Rx(p) = |coSy  CoCyp + 595¢5¢  CpS05¢ — CySe
—Sg oS Cocop

Therefore, the forward kinematics can be expressed as:

f(@) = Py, Py, P, ¢,0,%

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems




Interlude
UpTow
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Inverse Kinematics

Definition

The inverse kinematics model is the 'inverse’ of the forward kinematics model.
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Inverse Kinematics

Definition

The inverse kinematics model is the 'inverse’ of the forward kinematics model.

g(P$7Py7PZ7¢797w) = q= [Q17qQ7-"7QTL]
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Inverse Kinematics

Definition

The inverse kinematics model is the 'inverse’ of the forward kinematics model.

g(PI7Py7PZ7¢707w) = q= [QI7qQ7-"7Qn]

A function calculates the joint coordinates for a specific pose.
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Inverse and Forward kinematics
What is the difference?

Forward kinematics

| want to know where will my end-effector be, if | give specific coordinates (values) to
each joint
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Inverse and Forward kinematics
What is the difference?

Forward kinematics
| want to know where will my end-effector be, if | give specific coordinates (values) to
each joint

Inverse kinematics

| want to know what should the joint coordinates (values) be in order for my
end-effector to reach a specific pose
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Inverse and Forward kinematics
What is the difference?

For robotics applications, the inverse model is way more useful.
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Inverse and Forward kinematics
What is the difference?

For robotics applications, the inverse model is way more useful.

Can you understand why?
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Inverse and Forward kinematics
What is the difference?

For robotics applications, the inverse model is way more useful.

But it is also most difficult to derive and we need the forward kinematics to d,crﬁ/e'it.

AN
X
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Inverse and Forward kinematics
What is the difference?

For robotics applications, the inverse model is way more useful.

But it is also most difficult to derive and we need the forward kinematics to d,erﬁ/e'it.

Can you understand why?
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Inverse kinematics model
Why so difficult?

2
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Inverse kinematics model
Why so difficult?

The inverse kinematic model might have
more than one solution for a specific robot
pose
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Inverse kinematics model

Derivation

The inverse model can be difficult to solve even for simple models

cl2 —s12 0 leig+lic g
R _|s12 a2 0 lasio+list
(@)= 17" 4 0
0 0 0 1
AR & L,\
15005000 W
17/37
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Inverse kinematics model
Derivation
cl2 —s12 0 leig+lhia
s12 ci2 0 lasio+1lisy
0 0 1 0
0 0 0 1

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

Xx Yx Zx

Xy Yy Zy

Xz Yz Zz
0 0 0

Robot Control Systems

P,

P, Y

P,
1




Inverse kinematics model

Derivation

cip —s12 0 leia+lic Xx Yx Zx P
si2 az 0 bsigthsi| _ | Xy Yy Zy By
0 0 1 0 Xz Yy, Zy; P,
0 0 0 1 0 0 0 1

COCy  CySeSp — CySy S¢Sy T+ CoCySe Py
COSy  CHCyp + 50548y  CySaSy — CypSe Iy
—Sg CS¢ CoCy P, P

0 0 0 1
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Inverse kinematics model

Derivation
ci2 —s12 0 lecg+lhca Xx Yx Zx P,
sig caz 0 bsigthsi| _ | Xy Yy Zy By
0 0 1 0 Xz Yy, Zy; P,
0 0 0 1 0 0 0 1
cos(qr + q2) = Xo =Yy = coey = <
CopCyp + 808y Sep (
sin(qr + q2) = Xy = =Y, = cpsy = u\‘ |
—CypSeSp — CpSyp \ ‘ \\\l)
lacos(q1 + q2) + licosqy = Py Ny - T\
lasin(q1 + q2) + lising; = Py “ y
0=P, \
19/

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems y



Inverse kinematics model

Derivation
ci2 —s12 0 lecg+lhca Xx Yx Zx P,
sig caz 0 bsigthsi| _ | Xy Yy Zy By
0 0 1 0 Xz Yy, Zy; P,
0 0 0 1 0 0 0 1
cos(qr + q2) = Xo =Yy = coey = <
CopCyp + 808y Sep (
sin(qr + q2) = Xy = =Y, = cpsy = u\‘ |
—CypSeSp — CpSyp \ ‘ \\\l)
lacos(q1 + q2) + licosqy = Py Ny - T\
lasin(q1 + q2) + lising; = Py “ y
0=P, \
19/
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Inverse kinematics model

Derivation
ci2 —s12 0 lecg+lhca Xx Yx Zx P,
sig caz 0 bsigthsi| _ | Xy Yy Zy By
0 0 1 0 Xz Yz Zz P.
0 0 0 1 0 0 0 1
cos(qr + q2) = Xo =Yy = coey = &
CopCyp + 595y Sy ~ i (
sin(qi + q2) = Xy = =Y, = cpsy = Q\n &
—Cy865¢ — CpSy How much 'freedom’ do we have? = . \\5
lacos(q1 + q2) + licosqr = Py k , T\
lasin(q1 + q2) + lising; = Py \« 3
0=P, \
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Inverse kinematics model

Derivation
ci2 —s12 0 lecg+lhca Xx Yx Zx P,
sig caz 0 bsigthsi| _ | Xy Yy Zy By
0 0 1 0 Xz Yz Zz P,
0 0 0 1 0 0 0 1

cos(qr + q2) = Xo =Yy = coey = <
CopCyp =+ 808y Sep &3

sin(qr + q2) = Xy = =Y, = cpsy = D‘ e
—CpSe8 — CpSy How much 'freedom’ do we have? = | \\5

- ? -
G e o How do we solve this? ;
lasin(qy + q2) + l1sing; = P, Y

0=PF,
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Inverse kinematics model

Derivation

We are looking for this

QI:f(P:E’Py)
Q2:9(P2apy)
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Inverse kinematics model

Derivation

We are looking for this

QI:f(P:E’Py)
Q2:9(P2apy)

e Analytical solutions
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Inverse kinematics model
Derivation

We are looking for this

QI:f(P:E’Py)
Q2:9(P2apy)

e Analytical solutions

o Geometric solutions
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Inverse kinematics model

Derivation

We are looking for this

QI:f(P:E’Py)
Q2:9(P2apy)

e Analytical solutions
o Geometric solutions

o Numerical solutions
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Inverse kinematics model

Analytical solutions

The idea is to try to find an equation for each joint variable ¢, that only depends on
the pose or on other joint variables that have already been expressed in terms of pose.
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Inverse kinematics model

Analytical solutions

The idea is to try to find an equation for each joint variable ¢, that only depends on
the pose or on other joint variables that have already been expressed in terms of pose.

e We equate the forward kinematics with the general homogeneous matrix
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Inverse kinematics model

Analytical solutions

The idea is to try to find an equation for each joint variable ¢, that only depends on
the pose or on other joint variables that have already been expressed in terms of pose.

e We equate the forward kinematics with the general homogeneous matrix

e We identify joint variables that can be isolated
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Inverse kinematics model

Analytical solutions

The idea is to try to find an equation for each joint variable ¢, that only depends on
the pose or on other joint variables that have already been expressed in terms of pose.

e We equate the forward kinematics with the general homogeneous matrix

e We identify joint variables that can be isolated

e We identify pair of joint variables that can be simplified by division Y
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Inverse kinematics model

Analytical solutions

The idea is to try to find an equation for each joint variable ¢, that only depends on
the pose or on other joint variables that have already been expressed in terms of pose.

e We equate the forward kinematics with the general homogeneous matrix
e We identify joint variables that can be isolated

e We identify pair of joint variables that can be simplified by division ‘ -~

e We identify pair of joint variables that can be simplified by trigonometry &7\
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Inverse kinematics model

Analytical solutions

If not all joint variables are expressed as a function of the pose, we multiply from
left(right) the inverse transformation of the first(last) joint.
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Inverse kinematics model

Analytical solutions

If not all joint variables are expressed as a function of the pose, we multiply from
left(right) the inverse transformation of the first(last) joint.

n _ nplp2 n —
O_RORl"' n—l_RQ
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Inverse kinematics model

Analytical solutions

If not all joint variables are expressed as a function of the pose, we multiply from
left(right) the inverse transformation of the first(last) joint.

n _ nplp2 n —
O_RORl"' nfl_RQ

(Ro)™ Ry = (Rg) ™' Ry or Ry(Ry_1)™" = Ry(Ry 1)~

And we try to isolate again
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Inverse kinematics model

Examples

c12 —s12 0 lecg+lhea
s c 0 Ilss19+1is

R(q1,q2) = 82 82 X 2 1,20 151 ;
0 0 0 1
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Inverse kinematics model

Analytical solution

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

x =lac12+lic
y =la2s12+ 1151

Robot Control Systems




Inverse kinematics model

Analytical solution

x =lac12+lic
y =la2s12+ 1151

x? + y2 = l% + l% =+ 2[1[2(016172 + 3151’2)
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Inverse kinematics model

Analytical solution

x =lac12+lic
y =la2s12+ 1151

x? + y2 = l% + l% =+ 2[1[2(016172 + 3151’2)

Remember:
cos(a — ) = cosacosf + sinasinf3
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Inverse kinematics model

Analytical solution

x =lac12+lic
y =la2s12+ 1151

x? + y2 = l% + l% =+ 2[1[2(016172 + 3151’2)

Remember:
cos(a — ) = cosacosf + sinasinf3

Therefore:
22+ =13 + 12+ 2llsco
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Inverse kinematics model

Analytical solution

x =lac12+lic
y =la2s12+ 1151

x? + y2 = l% + l% =+ 2[1[2(016172 + 3151’2)

Remember:
cos(a — ) = cosacosf + sinasinf3

Therefore:
22+ =13 + 12+ 2llsco

22 +y? - 13— 12 & ¥y
21115 Sk '\?

Cy =

2 2—12—l2
e e Ul

q2 §
2011,
24 / -
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Inverse kinematics model

Analytical solution

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

xTr = l261,2 + llcl
y =l2s12+ 1181
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Inverse kinematics model

Analytical solution

xTr = l261,2 + llcl
y =l2s12+ 1181

Remember:
cos(a + ) = cosacosf — sinasinf3 _
sin(a + ) = cosasin + cosfsina
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Inverse kinematics model

Analytical solution

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

xTr = l261,2 + llcl
y =l2s12+ 1181

Remember:
cos(a + ) = cosacosf — sinasinf3
sin(a + ) = cosasin + cosfsina

Therefore:
T = l20162 — l28182 + l101
y = loc159 + lacosy + 1151
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Inverse kinematics model

Analytical solution
We can write:

Tr = klcl — k231
y = kis1 + kacy
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Inverse kinematics model

Analytical solution
We can write:

Tr = klcl — k231
y = kis1 + kacy

Where:

kl = l1 + l2C2
kz = 1282

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

Robot Control Systems




Inverse kinematics model

Analytical solution
We can write:

Tr = klcl — k231
y = kis1 + kacy

Where:
kl = l1 + l2C2
kz = 1282
We define:
r=/k?+ k3
B = atan2(ka, k1)
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Inverse kinematics model

Analytical solution
We can write:

Tr = klcl — k281
y = kis1 + kacy

Where:
kl = l1 + lQCQ
kz = 1282
We define:
r=/k?+ k3
B = atan2(ka, k1)

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

Then:
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k1 = rcosp
ko = rsinf




Inverse kinematics model

Analytical solution
We can write:

Tr = klcl — k281
y = kis1 + kacy

Where:

kl = l1 + lQCQ
kz = 1282

We define:

r=/k?+ k3
B = atan2(ka, k1)

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

Then:

k1 = rcosp
ko = rsinf

So we can write:

= cosficy — sinfsy -

Rl R

= cosf3s1 + sinﬁc’ij

v

LS
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Inverse kinematics model

Analytical solution

We can write: Then:
x = kicy — kosy k1 = rcqsﬂ
y = k151 + kacy ko = rsinf
Where: So we can write:
x .
ki = lq + laco o= cosfcy — sinfsy <
k‘2 = 1232 % — 608,851 + S’in,BCI' 7 '\W
s A |
We define: Or. VN
4 S 0
r=/k? + k3 —=cos(B+q1) St \
— X ; :E o N
B = atan2(kg, k1) o= sin(B+ q1)

26
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Inverse kinematics model

Analytical solution

Are we there yet??
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Inverse kinematics model

Analytical solution

Are we there yet??
= cos(B + q1)
= sin(B+q)

SIS |8
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Inverse kinematics model

Analytical solution

Are we there yet??
= cos(B + q1)
= sin(B+q)

SIS |8

B+ q1 = atan2(

Y %) = atan2(y, z)
;
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Inverse kinematics model

Analytical solution

Are we there yet??
= cos(B + q1)
= sin(B+q)

SIS |8

B+ q1 = atan2(

Y %) = atan2(y, z)
;

q1 = atan2(z,y) — B = atan2(y, x) — atan2(ka, k1)
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Inverse kinematics

Geometric solutions

We could have solved the previous problem using geometry

7777777777 y
2777777777 <

DAy St 0\
1A A\
\‘\\‘
28
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Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems y



Inverse kinematics

Geometric solutions

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

r2 = 22 4+ 92

Robot Control Systems

We define the length r using Pythagoras o=




Inverse kinematics

Geometric solutions

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

We calculate the angle « using the cosine law:
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Inverse kinematics

Geometric solutions
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We calculate the angle « using the cosine law:

r? = l% + l% — 2l11lacosa
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Inverse kinematics

Geometric solutions

We calculate the angle « using the cosine law:

r? =12 + 13 — 2l1lxcosa

B3+1%—r?
cCoOS = ———————
2l11o
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Inverse kinematics

Geometric solutions

We calculate the angle « using the cosine law:

r? =12 + 13 — 2l1lxcosa

B+12—r? 2413 — 2y
cosa = 22— cosq=+—2 "~ 7‘/ o
21115 2l1lﬁ5ﬂ »_)\"z/ =
¥y
(9
{‘;-——./5' \
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Inverse kinematics

Geometric solutions

We know that: aa =71 — ¢
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Inverse kinematics

Geometric solutions

We know that: aa =71 — ¢

And: cos(m — q) = —cosq
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Inverse kinematics

Geometric solutions

We know that: aa =71 — ¢
And: cos(m — q) = —cosq
Therefore:

2+ 4% — l% — l%
20115

cosqa =

Py -8B -1
2011y

g2 = cos

31
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Inverse kinematics

Geometric solutions

We know that the base of this triangle is l2cosq2
while the height of the triangle is lgsqu
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Inverse kinematics

Geometric solutions

I, sin(q,)

l, + 1, cos(q,)

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

For this triangle, we can calculate the angle 3:

losings

e t _1—
B an l1 + lacosqo
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Inverse kinematics

Geometric solutions

l,sin(q,)  ror this triangle, we can calculate the angle f:

losings

e t _1—
B an l1 + lacosqo

From our initial triangle we know that:

l, + 1, cos(q,)

————— tan™! -

=B8+aq
X
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Inverse kinematics

Geometric solutions

We therefore have:

1Y _1 lasing
ql = tan V2 _ggn !t — 2
l1 4 lscosqo
e W e
\‘\:
34
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Inverse kinematics

Geometric solutions

We therefore have:

1 lasings

1Y _ tastngy
l1 4 lscosqo

ql =tan™ "= —tan"~
And we already know the relationship of g2 in

terms of the position:

2, 12 2 2§
it -2t —y i
707 g2 = cos Y

T,
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Inverse kinematics model

Numerical solutions

Optimisation methods, sem 2, 4th year!
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Grand scheme
The big picture

Great robots

Forward

TF Kinematics Velocity Dynamics — Control

Inverse
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Questions?
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