Robot Velocity

We have the need for speed
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Recap

What we know already?

Definition

A transformation matrix that calculates the pose of the robot's end effector in terms of
the joint coordinates qi1,qo,...,qn
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Grand scheme
The big picture

Forward Great robots
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Robot velocity
Background

A robot is a mechanism which consists of joints and links.

i —~

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems



Robot velocity
Background

A robot is a mechanism which consists of joints and links.
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By controlling the position of the joints, we can control the position of the end-effector.
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6
/401

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems



Robot velocity
Background

A robot is a mechanism which consists of joints and links.
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By controlling the position of the joints, we can control the position of the end-effector.
e\
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Can we do this for velocities as well?
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Linear and angular velocity
What is the difference?

Each of the robot segments can be moving with a linear, angular velocity, or a complex

velocity.
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Linear and angular velocity
What is the difference?

Each of the robot segments can be moving with a linear, angular or a complex velocity.
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Linear and angular velocity
What is the difference?
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What is linear velocity
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What is linear velocity
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What is linear velocity
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What is linear velocity

How do we add up linear velocities?

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

Robot Control Systems



What is angular velocity
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What is angular velocity

s
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What is angular velocity
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What is angular velocity

s

Wz N AN
W= |wy A}
Wy

How do we add up angular velocities?
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Linear velocity due to rotation
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Linear velocity due to rotation
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Linear velocity due to rotation
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Defining the Jacobian

What is the cross product?

A
axb
. b
n
6
bxa a @
=-axb
v ‘
If we have two vectors a and b with coordinates [a;, a2, as] and [by, b, bs] respectwefy\ls
then, the cross product is defined as: L SA
axb= (a2b3 = a3b2)i + (a3b1 — a1b3)j + (albg — agbl)k s
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Robot velocity

End-effector velocity
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Joint velocity contribution

Linear velocity due to rotation
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Joint velocity contribution

Linear velocity due to rotation
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Joint velocity contribution

Linear velocity due to rotation
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Joint velocity contribution

Linear velocity due to rotation
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Joint velocity contribution

Linear velocity due to rotation
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Joint velocity contribution

Linear velocity due to rotation
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Ul = (¢ X 04 — 01
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Joint velocity contribution

Linear velocity due to rotation
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Joint velocity contribution

Angular velocity due to rotation
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Joint velocity contribution

Angular velocity due to rotation
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Joint velocity contribution

Angular velocity due to rotation

A, i = qi
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Joint velocity contribution

Angular velocity due to rotation
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Joint velocity contribution

Angular velocity due to rotation
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Joint velocity contribution

Linear velocity due to translation

q2 q3 q4 G
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Joint velocity contribution

Linear velocity due to translation
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Joint velocity contribution

Linear velocity due to translation

q2 q3 q4 G
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Joint velocity contribution

Linear velocity due to translation

q2 q3 q4 G

a g?L e
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Do we have angular velocity due to translation? (¥
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Robot velocity

Velocity addition
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Robot velocity

Velocity addition
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Robot velocity

Velocity addition
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Robot velocity

Velocity addition
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Robot velocity

Velocity addition

ﬁ:[J;1 Joo ... J;'n}
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Robot velocity

Velocity addition

- o
= [ T e Tl |
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Robot velocity

Velocity addition

- - q:1
= [ T e Tl |
. dn
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Robot velocity

Defining the Jacobian

We define a matrix called the 'Jacobian’ that shows us how can we calculate the
end-effector velocity if we know the joint velocities

§=Jq
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Robot velocity
The Jacobian

y i

4 . q2

s =&=Jg=J E

Wy Gn _
Wy N

By vector £ we denote a vector that contains 6 velocities, 3 linear and 3 angt&ar By
vector ¢ we denote a vector containing all the n joint velocities. Oy
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Robot velocity
The Jacobian

g g
4 X q2
| =E=TA=T |
Wy dn ~
Wy .

By vector £ we denote a vector that contains 6 velocities, 3 linear and 3 angt&ar By

vector ¢ we denote a vector containing all the n joint velocities. Oy
What is the size of the Jacobian matrix J? Ry
21 /a0
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Defining the Jacobian

Combining angular and linear velocities

We can calculate each column of the Jacobian matrix individually. Each column
represents one joint. If joint ¢ is revolute, then:

If joint ¢ is prismatic, then:

Zj
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Defining the Jacobian

Combining angular and linear velocities

T — ZiX(On_H—Oi) T = Zi
ir 2 y Jip 0

What is z;?
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Defining the Jacobian

Combining angular and linear velocities

i X (On+1 — 04 j
JiT:[Z (On-1 0)1,4-},:[

What is z;?
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Defining the Jacobian

Combining angular and linear velocities

i X (On+1 — 04 j
JiT:[Z (On-1 0)1,4-},:[

What is z;?
What is o;
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Defining the Jacobian

Example in R?

€1 —S1
1

O = O O

7II7777077
1777777777
1777277777
7727777777
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Defining the Jacobian

Example in R?

ci —s1 0 O
1_|s1t a 00
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Defining the Jacobian

Example in R?

cl1 —$51 0 0
1_ st a 00
Bo=19 0o 1 0
0 0O 01
a2 —s12 0 L
9 |s1,2 c2 0 lisg §
Ry = 0 0 1 0 o)
0 0 0 1 e
= % f - \‘
cl2 —s12 0 leia+lhc < \%
RS — S1,2 C1,2 0 l281,2 + 1151 ‘, \
0 0 0 1 0 Y
0 0 0 1
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Defining the Jacobian

2 link planar manipulator

R
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Defining the Jacobian

2 link planar manipulator

Ry
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C1 0 O 2
0 10 o =
0O 01
cl2 —s12 0
s12 c12 0
0 0 1
0 0 0

Z1 X (03 e 01)
21
where:

lict

0

licr +laci 2
1181 + l28172
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Defining the Jacobian

2 link planar manipulator

1777777777
1777777777
1777777777
1077222277
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Defining the Jacobian

2 link planar manipulator

—li1s1 —las12 —l2s12
lici +laci2 laci2
0

= o o O

0
0
1

7
17777777
27722777

77
77

The Jacobian is a function of joint coordinates!
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Defining the Jacobian

2 link planar manipulator

—li1s1 —las12 —l2s12
lici +laci2 laci2
0

= o o O

0
0
1

7
17777777
27722777

77
77

How do we 'use’ the Jacobian?
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Jacobian

Inverse velocity

We now have a method to define the end-effector velocity (angular and linear) based
on the joint velocities

§=Jq
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Jacobian

Inverse velocity

We now have a method to define the end-effector velocity (angular and linear) based
on the joint velocities

§=Jq

Is this useful?
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Jacobian

Inverse velocity

We now have a method to define the end-effector velocity (angular and linear) based
on the joint velocities

§=Jq

Is this useful?

o,

How do we do the opposite (i.e. define the joint velocities for specific end—effgé‘etldvr;*:
velocity)? Oy

i

XY
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Jacobian

Inverse velocity

We now have a method to define the end-effector velocity (angular and linear) based
on the joint velocities

§=Jq

Is this useful?

o,

How do we do the opposite (i.e. define the joint velocities for specific end—effgé‘etldvr;*:

velocity)? O =8
y) p \\l)h
—1 . AN
JTE=¢q A\
27/4
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Jacobian

Inverting the velocity

Is J always inversible?
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Jacobian

Inverting the velocity

Is J always inversible?

Conditions for Jacobian inversibility

The Jacobian must be square

The rank of the Jacobian must be equal to its size
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Jacobian

Inverting the velocity

Is J always inversible?

Conditions for Jacobian inversibility

The Jacobian must be square

The rank of the Jacobian must be equal to its size

For achieving any velocity in R3, the Jacobian must be 6 x 6. What do we ngeed for
such a Jacobian? N | \\5)
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Jacobian

The pseudoinverse

In the cases we cannot invert the Jacobian (e.g. we don't have 6 joints), we can
calculate the pseudoinverse.
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Jacobian

The pseudoinverse

In the cases we cannot invert the Jacobian (e.g. we don't have 6 joints), we can
calculate the pseudoinverse.

For J € R™*", ifm < n, then (JJT) lexists.
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Jacobian

The pseudoinverse

In the cases we cannot invert the Jacobian (e.g. we don't have 6 joints), we can
calculate the pseudoinverse.

For J € R™*", ifm < n, then (JJT) lexists.

(JITYJITY L =1
JIJT(IIT) Y =1

JJt =1 e
where: o
E\L
J+ = JT(JJjT)-1
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Jacobian

The pseudoinverse

In the cases we cannot invert the Jacobian (e.g. we don't have 6 joints), we can
calculate the pseudoinverse.

For J € R™*", ifm < n, then (JJT) lexists.

(JITYJITY L =1
JIJT(IIT) Y =1

JJt =1
where: \n
(@
Jt=JT(JJ7)"!
therefore:
g=Jt¢
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Jacobian

Controlling specific velocities

When we have less than 6 joints, we can also choose to control only specific velocities
of the end-effector

T 0 0
| = Jug = |—lis1 —las12 —l2s12]| g @
z lici +lac12 laci2 :

I ¢
1000005077
NIIIIIII 7 X A
1000000070 S—cX
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Jacobian

Controlling specific velocities

When we have less than 6 joints, we can also choose to control only specific velocities

of the end-effector

1777777777
1777777777
2777777777
1177207077
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N QLR

N .

0 0
=Jug= |—l1s1 —l2s12 —las12]| ¢ <
lici +lac12 laci2
_ = —l1s1 —l2s12 —l2s12
re lici +1laci2  laci2
v '~‘}; "t\

\\v
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Jacobian inverse

2 link planar manipulator

J —l1s1 —I2s12 —l2812
lici +laci2  laci2

1177277777
1177777777
1777777777
1077272077

g-1_ 1 lac1 l251,2 U R
v Il —lic1 — lae —l181 — lgs i)
1lasy | —lic1 —lac1 2 151 — l2s12 A
\‘\ :
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Jacobian inverse

2 link planar manipulator

What happens when g3 = 07

lz)% g = 0

32 /
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Jacobian inverse

2 link planar manipulator

What happens when g3 = 07

lz)% g = 0
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1 lact 2
lilgsy | —lici —laci2

Robot Control Systems

l251,2
—l151 — 12512




Jacobian

Singularities

The Jacobian is a function of the joint coordinates ¢, and therefore it varies for
different robot configurations.
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Jacobian

Singularities

The Jacobian is a function of the joint coordinates ¢, and therefore it varies for
different robot configurations.

In some cases, the Jacobian might lose rank, or might become non-invertible, (|.e
determinant equal to zero)

In such cases, the robot loses dexterity, or even a degree of freedom.

33
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Robot manipulability

Why does this all matter?

The Jacobian allows us to map joint velocities to end-effector velocities. We have seen
that at different configurations, we have a different map (since J depends on ¢q).
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Robot manipulability

Why does this all matter?

The Jacobian allows us to map joint velocities to end-effector velocities. We have seen
that at different configurations, we have a different map (since J depends on ¢q).

Can we quantify how much dexterity our robot has at different configurations? (i.e.
manipulability?) O

34
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Robot manipulability

Why does this all matter?

The Jacobian allows us to map joint velocities to end-effector velocities. We have seen
that at different configurations, we have a different map (since J depends on ¢q).

Can we quantify how much dexterity our robot has at different configurations? (i.e.
manipulability?) O

hint: yes! VN

34
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Robot manipulability

Velocity ellipse

We model our robot as an input-output system (input is joint velocities, output is
end-effector velocities). If we consider unit inputs, then we have:

¢'q=1

which we can write as:

U= 1

which is the equation of an m — dimensional ellipsoid.
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Robot manipulability

Velocity ellipse

0.00 4

-0.5 0.0 0.5 10 15 2.0 25

In 2D, we have a 2-dimensional ellipsoid, i.e. an ellipse.
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Robot man

Velocity ellipse

In 3D, we have a 3-dimensional ellipsoid .
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Robot manipulability

Velocity ellipse
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Robot manipulability

Velocity ellipse

2.00 2.00
175 175
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125 125
1.00 1.00
075 075
050 0.50
025 025
0.00 0.00
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Robot manipulability

Velocity ellipse
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Grand scheme
The big picture

Forward Great robots
TF Kinematics Velocity — Dynamics [~ Control g
Inverse kY
Se\
\\f
* /1o
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Questions?
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