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Agenda

Background

e Dynamics

The Lagrangian
e Dynamic and Kinetic energy

Inertia and moments of inertia
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What did we do so far?

Recap

We defined a matrix that we called the forward kinematics, which helps us calculate the
pose of the end-effector of a robot as a function of the joint coordinates
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What did we do so far?

Recap

We defined a matrix that we called the Jacobian, that maps joint velocities to
end-effector velocities.
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What did we do so far?

Recap

We found a way to calculate the inverse kinematics and velocities models.
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What did we do so far?

Recap

We found a way to calculate the inverse kinematics and velocities models.

We saw how to use all this for calculating trajectories for our robots.
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Grand scheme
The big picture

Great robots

—| Control

Forward
TF Kinematics Velocity Dynamics
Inverse
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Dynamic modeling
What is it all about?

Kinematics:

Dynamics (Kinetics):
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Dynamic modeling
What is it all about?

Kinematics: description of motion of bodies or system of bodies

Dynamics (Kinetics):
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Dynamic modeling
What is it all about?

Kinematics: description of motion of bodies or system
(Forward/Inverse kinematics, velocities, trajectories)

Dynamics (Kinetics):
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Dynamic modeling
What is it all about?

Kinematics: description of motion of bodies or system of bodies
(Forward/Inverse kinematics, velocities, trajectories)

Dynamics (Kinetics): description of the causes resulting in those motions (ije: forées
and torques) g AN
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Dynamic modeling
What is it all about?

Dynamic model

A system of differential equations that gives us the relationship between input joint
forces/torques and resulting joint accelerations.

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems




Dynamic modeling
What is it all about?

Dynamic model
A system of differential equations that gives us the relationship between input joint

forces/torques and resulting joint accelerations.

Why is this useful?
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Dynamic modeling
What is it all about?

Dynamic model
A system of differential equations that gives us the relationship between

forces/torques and resulting joint accelerations.

Why is this useful?

Do you know of any equation that relates force with acceleration?
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Dynamic modeling

Newton's equations

ZFszi

This is the famous equation derived from Newton's second law, which relates_fgrce and
acceleration. ;»\L
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Dynamic modeling

Newton's equations

ZF:mfi

This is the famous equation derived from Newton's second law, which relates_force and
acceleration. \

We won't be using it though due to the complex equations it will result when modellng\
kinematic chains.

‘1\\'
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Dynamic modeling

Lagrange-Euler formulation of mechanics

Between 1772 and 1788, Lagrange formulated mechanics
in a more general way, more suitable for robottcs»dater on.
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Lagrangian mechanics

A more sophisticated formulation of mechanics

Lagrange defined a basic quantity for any system of bodies as the difference between its
kinetic and potential energy.

L(q,q) =T(q,q) — V(q) <

We call this quantity the Lagrangian of the system.
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Lagrangian mechanics

A more sophisticated formulation of mechanics

Lagrange defined a basic quantity for any system of bodies as the difference between its
kinetic and potential energy.

L(q,4) =T(q,9) — V(q)

We call this quantity the Lagrangian of the system. u\n

q and ¢ are the generalized coordinates or state of the system.
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Lagrangian mechanics

A more sophisticated formulation of mechanics

Using this quantity, we can describe the evolution of any system of bodies under the
influence of a set of external forces using the following equation:
d oL OL &
ol o
dt 9¢  Oq
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Definitions

Potential energy

Potential energy

The energy possessed by an object because of its position relative to other objects,
stresses within itself, its electric charge, or other factors.
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Definitions

Potential energy

Potential energy
The energy possessed by an object because of its position relative to other objects,

stresses within itself, its electric charge, or other factors.

In robotics, we deal with rigid objects, electrically neutral. What are the sourc\gf of
potential energy? Yy \
= & 7\5:
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Definitions

Potential energy

The most common source of potential energy in robotics is the gravitational field of
Earth.
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Definitions

Potential energy

The most common source of potential energy in robotics is the gravitational field of
Earth.

V =mgh
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Definitions

Potential energy

The most common source of potential energy in robotics is the gravitational field of
Earth.

V =mgh

Where m is the mass of the object, g is the gravitational constant, and A is the eight
of the object. e

\\\" ~
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Definitions

Potential energy

The most common source of potential energy in robotics is the gravitational field of
Earth.

V =mgh

Where m is the mass of the object, g is the gravitational constant, and A is the helght
of the object. e (

But height from where? What is the reference? & i

XY
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Definitions
Potential energy

Reference for potential

Potential is only important when considering the difference of potential. Therefore, the
reference is not important, as long as it does not change over time, and we use the
same one for all the objects.
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Definitions
Potential energy

Reference for potential

Potential is only important when considering the difference of potential. Therefore, the
reference is not important, as long as it does not change over time, and we use the
same one for all the objects.
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Definitions
Potential energy

Reference for potential

Potential is only important when considering the difference of potential. Therefore, the
reference is not important, as long as it does not change over time, and we use the
same one for all the objects.
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Definitions

Potential energy

Reference for potential

Potential is only important when considering the difference of potential. Therefore, the
reference is not important, as long as it does not change over time, and we use the
same one for all the objects.

‘ﬁr

Y . Y
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Definitions

Kinetic energy

Kinetic energy

The energy of an object that it possesses due to its motion.
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Definitions

Kinetic energy

Kinetic energy

The energy of an object that it possesses due to its motion.

What properties are influencing the kinetic energy of an object.
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Definitions

Kinetic energy

—0.5 0.0 0.5

Kinetic energy due to

linear velocity
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Definitions

Kinetic energy

The equation of kinetic energy due to linear velocity is:

1 N
T o Sk
Tlinear = 5“ mu S\

Where m is the mass of the object and # is the velocity vector.
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Definitions

Kinetic energy

The equation of kinetic energy due to angular velocity is:

I R,
Tangular = 5 1%

Where I is the moment of inertia of the object, and w is its angular velocity vector.
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Definitions

Kinetic energy

Total kinetic energy

The total kinetic energy of an object is the sum of its linear and angular kinetic energy.

|
Tiotal = Tlinear + Tangular = é(UTmU + WTIW)
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Definitions

Moment of inertia

Moment of inertia

A tensor that determines the relationship between input torque and angular
acceleration about a rotational axis.
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Definitions

Moment of inertia

Moment of inertia

A tensor that determines the relationship between input torque and angular
acceleration about a rotational axis.
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Definitions

Moment of inertia

The moment of inertia shows us how 'difficult’ is it to rotate an object around an
arbitrary axis. It is related with how the mass of the object is distributed in space.

Ixx Iwy Ixz
I= Iyw Iyy Iyz
LN

This "difficulty’ might be different for the same object, but different axes.
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Definitions

Moment of inertia

How do we calculate it? (for a system of bodies)

N
= m,®
N
Ly, = Z my(aj, + 23)
k=1

N
k=1

my
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Definitions

Moment of inertia

How do we calculate it? (for a system of bodies)

A

N
. Loy = Iys = — Z METEYk
My m k=1
3 N _
Imz = dzy = — kamk%’c >
k=1 ol
9 e N e
Ly §
m2 I, =1,,=-— Z MEYr2k | \QN
k=1 .\
2/
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Definitions

Moment of inertia

How do we calculate it? (for a continuous object)

Iy =1x=—///fvy,0 z,y,2)dV
L= [[[ 7 + )0t 20av v = (@:92)
R
gj‘ 3 ,: %

L. = [[[ @ + vy, 2av A
Iyz - Izy T // yZp('r7 Y, Z)d‘[ \

25
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Definitions

Moment of inertia

Seems difficult?
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Definitions

Moment of inertia

Seems difficult?

For some simple objects, we have analytical solutions (approximations) for the moment
of inertia tensor.
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Definitions

Moment of inertia

Seems difficult?

For some simple objects, we have analytical solutions (approximations) for the moment

of inertia tensor.

0 0 0
I=|0 &mi? 0
0 0 Hmb
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Definitions
Bringing it all together

We define the Lagrangian as the difference between Kinetic and Potential energy of our

system
L=T-V
where:
Potential Energy Kinetic Energy Moment of inertia I. = 3 3
— 1 - A
V = mgh T = 5(ﬁTmzz + &TId) X
7 /34
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Lagrangian mechanics
Equivalence with Newton

y Let’s see if the Lagrangian mechanics are giving us
the same results

1

1 ) -

1 S\
1

1

28
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Lagrangian mechanics
Equivalence with Newton

y Let’s see if the Lagrangian mechanics are giving us
the same results

First we need to define the state of the system

1
1 - )

1 SN
1

1

28
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Lagrangian mechanics
Equivalence with Newton

y Let’s see if the Lagrangian mechanics are giving us
the same results

First we need to define the state of the system

The state of the system can be fully descrlbed by Y
F and .

1

I ) €N

! S\
1

I
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Lagrangian mechanics
Equivalence with Newton

Let’s see if the Lagrangian mechanics are giving us
the same results

First we need to define the state of the system

The state of the system can be fully descrlbed by Y
and y.

,,‘9\ L
kﬁ

Then we need to write the Lagrangian in terms Gfé
the state. Ry

A

) 3
28 / 4
Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robot Control Systems 3 y



Lagrangian mechanics
Equivalence with Newton

y
Potential energy:
V =mgy
A Kinetic energy: ;
T= %mgf . L)
i g, AW

i h Therefore: o \\\;)
! L = 3my? — mgy L ¥y
1 S\
-
1

29
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Lagrangian mechanics
Equivalence with Newton

A

L = ymy* — mgy
y

F

Y
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Lagrangian mechanics
Equivalence with Newton

A

L= %mgf — mgy

y Then we need to diferentiate:
. A
b £ B

Y oy
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Lagrangian mechanics
Equivalence with Newton

A

L= %mgf — mgy

y Then we need to diferentiate:

doL oL _

oy oy

F

Y
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Lagrangian mecha
Equivalence with Newton

A
y

@

F

Y

nics

L= %mgf — mgy

Then we need to diferentiate:

doL oL _

dt oy dy
3 oL . g
o5 "
h ”j:
30/34
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Lagrangian mechanics
Equivalence with Newton

A

L= %mgf — mgy

y Then we need to diferentiate:
doL oL _
dt dy 0Oy
. A oL . .
E oy 3 X |
Y h d OL . \‘5
- aoy ~ "™ Y
1 Y — ¥ \
1 \\"
30 /34
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Lagrangian mechanics
Equivalence with Newton
1

! L = ymg* — mgy

A

y Then we need to diferentiate:
doL OL _
dt dy 0Oy
. A oL . .
oo = my o \
E oy 3 X |
Y h d OL . \‘5
1 ﬁaiy = my [ \
1 — ¥ \
: oL Ry
! — = —-m
5 oy B
30 /34
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Lagrangian mechanics
Equivalence with Newton

A

’ doL oL _
dt oy Oy
‘ﬁ\— miy+mg =F -
. F—mg=mj X el
Y h ”j:
/34
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Lagrangian mechanics
Equivalence with Newton

A

’ dor oL _
dtoy Oy
® it = £ g
. F—mg=myjy a
Y h
: Same as Newton's second law! e ' T\
1 \\
31/34
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Lagrangian mechanics
Equivalence with Newton

A

y
«~«+—_0
r .
v F
1 hl »
! e\
1 \‘\"
32/34
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Lagrangian mechanics
Equivalence with Newton

A
y

] 6 What are the states?
‘ ; A

F L’ \\7 N |
Y g AW
I o ‘

1 %

1

I

1

1
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Lagrangian mechanics

Equivalence with Newton

A
y

o

F

Y

What are the states?
What is the potential energy? -
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Lagrangian mechanics

Equivalence with Newton

A
y

o

F

Y

What are the states?
What is the potential energy? @
What is the kinetic energy? '
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Lagrangian mechanics
Equivalence with Newton

A
y

<9 What are the states?

. What is the potential energy?
What is the kinetic energy? : :
F What is the dynamic models? £\ B
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Grand scheme
The big picture

Forward Great robots
TF Kinematics Velocity Dynamics —| Control §
Inverse sl \
\‘\:}
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Tassos Natsakis tassos.natsakis@aut.utcluj.ro

Questions?
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