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Agenda

e Basic principles of aerodynamics

How propellers work

e Dynamic modeling

Control
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Drone design and flight principles
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What have we seen so far
Articulated robots
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Other types of robots

Next two lectures
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Quadrotor drones
What is a quadrotor?
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Quadrotor drones
What is a quadrotor?

Why four rotors?
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Aerodynamics
Thrust-Lift-Drag

Lift

Thrust

;l\ove girectie®
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Aerodynamics
Thrust-Lift-Drag

Thrust

= srpction
girec
Move

of the airfoil
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Lift
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Aerodynamics
Angle of attack
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Airfoil
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Aerodynamics
Angle of attack

Airfoil

The ratio of lift to drag are also related to the "angle of attack’
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Aerodynamics

Propellers
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Aerodynamics

Propellers
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Quadrotor

Systems of reference and degrees of freedom
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Quadrotor

Propeller forces and torques

Connecting with the aerodynamics of airfoils and propellers, each
rotors produces a lifting force (F;) and a torque (7;).
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Quadrotor

Propeller forces and torques

Connecting with the aerodynamics of airfoils and propellers, each
rotors produces a lifting force (F;) and a torque (7;).

Both of these have to do with the design of the propeller, and are

proportional to the square of the angular velocity of theﬁkobeller.

— 2
F; = bw;
— 2
Ti = dw;
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Quadrotor

Systems of reference and degrees of freedom

N, /S
A
ﬁ,@ ’ @;

V\I/x
[
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e z,y, z: translation along x, y, z axes
of the fixed frame

e ¢,0,1: rotation around X, y, z axes
of the fixed frame
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Quadrotor

Systems of reference and degrees of freedom

e 1,y,z: translation along x, y, z axes

e vg
.C(%IZ}:D' of the fixed frame
o R~ e ¢, 0,1: rotation around X, y, z axes

of the fixed frame P

v

V\I/X These are known as euler ro
: (roll, pitch, yaw)

S= [f,n]T, where: £ = [x,y,z]T and n = [gb,@,w]T

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robotic Systems Control



Kinematics modeling

Transformation

CoCyp  CypSeSp — ChSy  SepSy + CyCySe
RE(n) = |cocy CoCyp + S055Sy  CpSeSy — CySe
—Sp CoS¢ CoCy

where:
co = cos(6)
sy = sin(1)
‘f;i;\‘z U
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Kinematics modeling

Transformation

CoCyp  CypSeSp — ChSy  SepSy + CyCySe
RE(n) = |cocy CoCyp + S055Sy  CpSeSy — CySe
—Sp CoS¢ CoCy

where:
co = cos(6)
sy = sin(¢y)
Direct geometric model AR
P8 N
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Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robotic Systems Control 33‘



Kinematics modeling

Transformation

CoCyp  CypSeSp — ChSy  SepSy + CyCySe
RB(n) = CoCy  CoCy + S9SpSy  CpSaSy — CypSe
—Sp CQS¢ CQC¢

where:

co = cos(6)

sy = sin(1)

Direct geometric model
What is the difference compared to manipulators?
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Quadrotor
Achieving flight

Quad-X Configuration Quad-Plus Configuration
ﬂw
W,
—

Y w,

ccw . cw k k.

Figure 1 Figure 2 i
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Quadrotor

Achieving flight in X configuration

Quad-X Configuration

1z " N\

ccw
Figure 1
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Quadrotor

Achieving flight in X configuration

Quad-X Configuration

e Translation on z:
W1 = Wy = W3 = Wy

1z " N\

ccw
Figure 1
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Quadrotor

Achieving flight in X configuration

Quad-X Configuration

ccw
Figure 1
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e Translation on z:
W1 = Wy = W3 = Wy

cw CCW ]
/’ 4\ ¢ Rotation around x:
W1 = Wz, Wz = Wy
Tx
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Quadrotor

Achieving flight in X configuration

Quad-X Configuration

e Translation on z:
W1 = Wy = W3 = Wy

cw CCW ]
/’ 4\ e Rotation around x:

Tx
W,

ccw
Figure 1
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W1 = Ws, W2 = Wy
e Rotation around y:
W1 = Wy, W3 = Wy,

Robotic Systems Control




Quadrotor

Achieving flight in X configuration

Quad-X Configuration

1z " N\

ccw cw

Figure 1
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Translation on z:
Wp = Wz = Wz = Wy
Rotation around x:
W1 = Wz, Wz = Wy

Rotation around y:
W1 = Wy, W3 = Wy,

Rotation

14 /
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Quadrotor

Achieving flight in X configuration

Quad-X Configuration e Translation on z:

W1 = Wy = W3 = Wy

cw CCW ]
/’ 4\ e Rotation around x:

X W1 = Ws, W2 = Wy
T * Rotation around y:

W1 = Wy, W3 = Wy,

ccw . cw
Figure 1
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Quadrotor

Achieving flight in X configuration

Quad-X Configuration

ccw . cw
Figure 1

Tassos Natsakis tassos.natsakis@aut.utcluj.ro
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Translation on z:
Wp = Wz = Wz = Wy
Rotation around x:
W1 = Wz, Wz = Wy

Rotation around y:
W1 = Wy, W3 = Wy,

Rotation around z:
W1 = Wy, Wy = Wy
Translation on x: Rotatlo\ﬁ?,
around y ~ \,;,,«; N




Quadrotor

Achieving flight in X configuration

Quad-X Configuration

ccw
Figure 1
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Robotic Systems Control

Translation on z:
Wp = Wz = Wz = Wy
Rotation around x:
W1 = Wz, Wz = Wy

Rotation around y:
W1 = Wy, W3 = Wy,

Rotation around z:
W1 = Wy, Wy = Wy
Translation on x: Rotatlo\ﬁ?,
around y ~ \,;,,«; N
Translation on y: Rotation =
around x
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Quadrotor

Achieving flight in plus configuration

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

Quad-Plus Configuration

Figure 2

Robotic Systems Control



Quadrotor

Achieving flight in plus configuration

e Translation on z: Quad-Plus Configuration

W] = Wy = W3 = W4

Figure 2
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Quadrotor
Achieving flight in plus configuration

Quad-Plus Configuration

e Translation on z:
W) = Wz = Wz = Wy

e Rotation around x:
Wi = W3, Ws # Wy

Figure 2
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Quadrotor
Achieving flight in plus configuration

Quad-Plus Configuration

e Translation on z:
W) = Wz = Wz = Wy

e Rotation around x:
Wi = W3, Ws # Wy

e Rotation around y:
w1 # W3, Wy = Wy

Figure 2
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Quadrotor

Achieving flight in plus configuration

Quad-Plus Configuration

e Translation on z:
W) = Wz = Wz = Wy

e Rotation around x:
Wi = W3, Ws # Wy

e Rotation around y:
w1 # W3, Wy = Wy

e Rotation around z:
W1 = W3, W2 = Wy

Figure 2
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Quadrotor

Achieving flight in plus configuration

e Translation on z: Quad-Plus Configuration
W) = Wz = Wz = Wy

e Rotation around x:
Wi = W3, Ws # Wy

e Rotation around y:
w1 # W3, Wy = Wy

e Rotation around z:
W1 = W3, W2 = Wy

e Translation on x: Rotation
around y

Figure 2
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Quadrotor

Achieving flight in plus configuration

e Translation on z: Quad-Plus Configuration
W) = Wz = Wz = Wy

e Rotation around x:
Wi = W3, Ws # Wy

e Rotation around y:
w1 # W3, Wy = Wy

e Rotation around z:
W1 = W3, W2 = Wy

e Translation on x: Rotation
around y

e Translation on y: Rotation
around x

Figure 2
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Dynamic modeling

Transformation

CoCyy  CypSeSp — CpSyp
RE(n) = |cocy  coCyp + S954Sy
—Sp CQS¢

Direct geometric model
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S¢Sy T CpCySh
CpSeSy — CypS¢
CoCy




Dynamic modeling

Transformation

CoCyy  CypSeSp — CpSyp
RE(n) = |cocy  coCyp + S954Sy
—Sp CoS¢

Direct geometric model

What about inverse kinematics?
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S¢Sy T CpCySh
CpSeSy — CypS¢
CoCy




Dynamic modeling
The Lagrangian

Remember:

uu.‘ :‘2.
SRl
B C.‘/ -

e
&

S =1[&n]", where: £ =

Tassos Natsakis tassos.natsakis@aut.utcluj.ro

e 1,y,z: translation along x, y, z axes
of the fixed frame

® ¢, 0,1: rotation around X\ Y, Z axes
of the fixed frame «

[z,y,2]" and n = [,0,9]"

Robotic Systems Control



Dynamic modeling
The Lagrangian

Remember:

of the fixed frame

<4 »
. %ﬁw “ e x,y,z: translation along x, y, z axes
» B -

* ¢,0,¢: rotation around x,_y, z axes

V\I/ ’ ' of the fixed frame . \
S = [6,n)", where: £ = [r,y, 2" and 1 = [6,0,4]7 T |
Therefore: K ¥

L(S,S) = Kijin + Kvot — P = 0 (m§T£ + ﬁTI(n)T']) —mgz ”*‘

17/33‘
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Dynamic modeling
The Lagrangian

L(S> S) = Klin + Krot — P = 5 (meg + UTI(U)U) —mgz

Where I(n) is the moments of inertia expressed in the fixed
frame.
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Dynamic modeling
The Lagrangian

: 1 -
L(S,8) = Kiin + Krt = P = 5 (m€"¢ + " (n)) —mgz

Where I(n) is the moments of inertia expressed in the fixed
frame.

By differenciating, we can calculate the equation of mqtjgah of the
quadrotor By

18 /
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Dynamic modeling
The Lagrangian

: 1 -
L(S,8) = Kiin + Krt = P = 5 (m€"¢ + " (n)) —mgz

Where I(n) is the moments of inertia expressed in the fixed
frame.

By differenciating, we can calculate the equation of motlén of the
quadrotor

167[’ . aiL _ F;transl
dt 8;9 @S N Frot
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Dynamic modeling
The Lagrangian

Since the translation kinetic and potential energies depend only
on £ and £ and the rotational kinetic energy only on 1), we can
break this down to two decoupled systems of equations.

ia (Ktransl + P) . 6 (Ktransl + P)
dt o€ Bl

d 8[(’rot a-erot

= F'tran;sl &

% 87’] 87] — L rot
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Dynamic modeling
The Lagrangian

L(5,8) = 5 (mETE + i I(n)n) — mgz

The first equation is easy to differenciate:
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Dynamic modeling
The Lagrangian

L(5,8) = 5 (mETE + i I(n)n) — mgz

The first equation is easy to differenciate:

F, transl — mf +10
mg
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Dynamic modeling
The Lagrangian

L(5,8) = 5 (mETE + i I(n)n) — mgz

The first equation is easy to differenciate:

. 0
Ftransl = m£ + 0
mg

The second one is a bit more 'stiff’, due to the moments o
inertia:

Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robotic Systems Control
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Dynamic modeling
The Lagrangian

L(5,8) = 5 (mETE + i I(n)n) — mgz

The first equation is easy to differenciate:

. 0
Ftransl = m£ + 0
mg

The second one is a bit more 'stiff’, due to the moments o
inertia:

Froe = Ty + 1) — j(#vmm)zmmﬁ+cmmm

2
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Dynamic modeling
The forces

If we consider a hover flight, with very small changes in
orientation, we need to consider a vertical force to achieve this:

Firanst = 0
Ucoll
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Dynamic modeling
The forces

If we consider a hover flight, with very small changes in

orientation, we need to consider a vertical force to achieve this:

0
F transl — 0
Ucoll

We need to express this force on the frame attached cm\the v

drone, therefore:

0
Ft'ransl RE 0
Ucoll
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Dynamic modeling

The forces

If we do the multiplication between force and transformation
matrix, we get: i
COCY  CpSaSy — ChSy S¢Sy + CyCySe 0
CoCy  CyCy + S084Sy  ChSeSy — CySe 0| =
—5p CoSep CoCe Uecol

I = [s¢s¢ + CpCy S U;‘L’”
Y= [c¢393¢ — CySg) Ufg”

zZ=—g+ C¢C@7U;2”
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Dynamic modeling
The torques

Since we usually express rotations on the frame attached on the
drone, the rotational forces (torques), do not need to be
"transformed’ in the drones body frame. Therefore:

Frot = Us
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Dynamic modeling
The torques

Since we usually express rotations on the frame attached on the
drone, the rotational forces (torques), do not need to be
"transformed’ in the drones body frame. Therefore:

Uy
Frot = Ug| = 1(77)77 + 0(777 77)77
Uy
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Dynamic modeling
The torques

Since we usually express rotations on the frame attached on the
drone, the rotational forces (torques), do not need to be
"transformed’ in the drones body frame. Therefore:

Up
Frot = U9 = 1(77)77 + 0(777 77)77
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Dynamic modeling
Putting it all together

And all together:

I = [C¢SQC¢ + 8¢8¢} U;‘L’”
i = [cososy — socy] Yoot
A= —qg+ C¢C@%
¢ Uy
O =1")| |Us| —Cn,m)n
(0 Uy

24 /
Tassos Natsakis tassos.natsakis@aut.utcluj.ro Robotic Systems Control 33‘



Dynamic modeling

Simplifications
Since we consider the hovering motion, this means that the
rotations are small and very slow, therefore we have:

cos(a) = 1
sin(a) ~ «
N0
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Dynamic modeling
Simplifications
Since we consider the hovering motion, this means that the
rotations are small and very slow, therefore we have:
cos(a) = 1
sin(a) ~ «
N0

The collective force, can be also expressed as U,y = mg+AU.qy
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Dynamic modeling
Simplifications
Since we consider the hovering motion, this means that the
rotations are small and very slow, therefore we have:
cos(a) = 1
sin(a) ~ «
N0
The collective force, can be also expressed as Uy = mg+ AUy
Therefore, our equations of motion become:

& =0g d=—
i=—0g )
é:AUcoll 0:—

e &5
P =
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Dynamic modeling
What are the control inputs?
We need to consider again how does a drone achieve flight. For
the plus configuration:
Quad-Plus Configuration

Uit = Fi + Fy + Py + Fy N w
ccw 1
U¢ — Z(F4 - FQ)
W, w
ngl(Fl—F;g) (cw TX 2
Ulﬁ:Tl+7'3—7'2—T4 y >
— Cw

w3
ccw A
\) o
Figure 2
26 /
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Dynamic modeling
What are the control inputs?
We need to consider again how does a drone achieve flight. For

the plus configuration:
Quad-Plus Configuration

Ut = Fy + Fo + F3 + Fy LN
ccw 1
U¢ - Z(F4 - FQ)
W, W
ngl(Fl—F;g) (cw TX 2
Ulﬁ:Tl+7'3—7'2—T4 y >
— Cw

Remember: W
2 ccw L
T; = dw; N ’ A
Figure 2
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Dynamic modeling

What are the control inputs?

For the cross configurations
Quad-X Configuration

‘ﬁ‘” Uot = Fi+ Py + Fy+ F,

Uy = LU(F) + Fy — Fy — Fy)

W,
—
Y w,
ﬁ:‘ o
ccw . cw <5,
Figure 1 Nk
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Dynamic modeling

What are the control inputs?

For the cross configurations
Quad-X Configuration

‘ﬁ‘” Uot = Fi+ Py + Fy+ F,

Uy = LU(F) + Fy — Fy — Fy)

W,
—
Y w,
s this useful? W
cw ey
ccw . o
Figure 1 Nk
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Quadrotor

Control

If we can derive the dynamic model of a quadrotor, why do you
think control is difficult?
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Quadrotor

Control

If we can derive the dynamic model of a quadrotor, why do you
think control is difficult?

e We made several assumptions to end up with a linear model
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Quadrotor

Control

If we can derive the dynamic model of a quadrotor, why do you
think control is difficult?

e We made several assumptions to end up with a linear model

e We did not include motor dynamics
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Quadrotor

Control

If we can derive the dynamic model of a quadrotor, why do you
think control is difficult?

e We made several assumptions to end up with a linear model
e We did not include motor dynamics

e We did not include aerodynamics
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Quadrotor

Control

If we can derive the dynamic model of a quadrotor, why do you
think control is difficult?

e We made several assumptions to end up with a linear model
e We did not include motor dynamics

We did not include aerodynamics

°
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@
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=
<.
5
o
o
c
—+
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o
o
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n
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=5
@
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o8]
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®
>
c
o
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e
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—+
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o
o
S
I}
®
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£
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Quadrotor

Control

If we can derive the dynamic model of a quadrotor, why do you
think control is difficult?

e We made several assumptions to end up with a linear model
e We did not include motor dynamics

e We did not include aerodynamics g

When flying outdoors, there are huge disturbances (wi

A quadrotor is underactuated

28 /
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Quadrotor

Control

If we can derive the dynamic model of a quadrotor, why do you
think control is difficult?

e We made several assumptions to end up with a linear model
e We did not include motor dynamics

e We did not include aerodynamics g
e When flying outdoors, there are huge disturbances (w r d) L
e A quadrotor is underactuated f )i

this simple model

28 /
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Quadrotor

Control

The model we have calculated is already linearized, so we can
apply state feedback control. Our states and inputs are:

v=[e.d

T
u = [Ucolla U¢7 U9> Uw}
The model can be writen in state space as:

T = Ax + Bu
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Quadrotor

State feedback
By calculating the matrices A and B, we can calculate a

feedback gain matrix K, that will stabilize the system. We do
that using standard pole positioning. Our system has 12 states
and 4 inputs, so the gain matrix will have dimensions 4 x 12:

u=—Kzx
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Quadrotor

State feedback
By calculating the matrices A and B, we can calculate a
feedback gain matrix K, that will stabilize the system. We do
that using standard pole positioning. Our system has 12 states
and 4 inputs, so the gain matrix will have dimensions 4 x 12:

u=—Kzx

We then add an integrator to track a specific setpoint, in-our
case a position in space:

u=—Kzxr+u,
Uy = [uz,uy,um,O]
where:
uz:]%(Tx—x),uy:l?/Qy—y),uz:

S
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Other types of robots

Next two lectures
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Further reading/watching

Very cool TED talk on drone modeling:
https://www.youtube.com /watch?v=w2itwFJCgFQ
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https://www.youtube.com/watch?v=w2itwFJCgFQ

Questions?
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